In fuzzy group decision making problems and fuzzy shortest path problems, the addition and subtraction are the basic problems. For the mixed normal fuzzy numbers and trapezoidal fuzzy numbers, the addition and subtraction operations are approximated by the normal fuzzy numbers in this paper. The behaviors of approximated normal fuzzy numbers are the same as those of the normal distributions from the viewpoint of probability. An application of the addition and subtraction operations of mixed fuzzy numbers to the fuzzy sample mean is also proposed.
Introduction
For solving multiple judges, multiple criteria decision making problems in a fuzzy environment, aggregating fuzzy performance ratings and fuzzy weights through all judges and aggregating fuzzy ratings with fuzzy weight are two basic steps. Fuzzy addition and fuzzy multiplication are two operations to aggregate different judges and criteria. Solving shortest path problems on a network with mixed fuzzy arc lengths is to determine all nondominated paths based on the order relation among fuzzy numbers.
Calculating the fuzzy distance along the path is the sum of associated arc lengths.
Therefore, the fuzzy addition and subtraction operations are the fundamental problems in the group decision making problems and the fuzzy shortest path problems. For more information on the fuzzy group decision making problems and fuzzy shortest path problems, we refer the reader to references [1] [2] [3] [4] and [5] [6] [7] , respectively.
In fuzzy arithmetic, addition and subtraction operations are two fundamental problems of fuzzy optimization and decision making. For the same type of fuzzy numbers, the results of addition and subtraction operations are the same ones. For the mixed fuzzy numbers, four types of approximations are proposed in the literature: defuzzification, interval approximation, triangular fuzzy number and trapezoidal approximation [8] [9] [10] [11] . From the viewpoint of probability, normal fuzzy number 3 approximation is the alternative one. This paper adopts the normal fuzzy number approximation to analyze the behaviors of the addition and subtraction operations for the mixed fuzzy numbers.
The organization of this paper is as follows. Section 2 briefly reviews the fuzzy sets. Section 3 presents the addition and subtraction of the same and mixed fuzzy
numbers. An application of the addition and subtraction operations of the same and mixed fuzzy numbers to the fuzzy sample mean is presented in section 4. Finally, we end with some concluding remarks.
Fuzzy Sets
We firstly review the basic notations of fuzzy sets. Consider a fuzzy set A defined on a universal set of real numbers ℛ by the membership function (x), where
. A is convex if, and only if, each of its α -cut is a convex set. The set of all trapezoidal fuzzy numbers on ℛ is denoted by (ℛ). The set of all normal fuzzy numbers on ℛ is denoted by (ℛ). 
Arithmetic of the Same and Mixed Fuzzy Numbers
This section analyzes the addition and subtraction of the same and mixed fuzzy numbers. For the same fuzzy numbers, we firstly consider two trapezoidal fuzzy numbers ( , , , ) and ( , , , ). It follows that
Let γ, β ≥ 0, the addition operation γ + β is
Similarly the subtraction operation is
For the two normal fuzzy numbers ( , ) and ( , ), we have that
Let γ, β ≥ 0, the addition operation and subtraction operation are 
.
As the number of partition approaches infinity, we have that Similarly, the area difference between the exact and approximated membership functions for the is
Therefore, the relative error is
For the same example, we analyze the effect of the number of partition on the approximated membership function. Table 1 displays the values of  ,  ,  , , AD , AD and RE for = 10, 100, … , 1000000. Of which the best RE is 2.9734% for = 100. The average RE is 3.8265%. Therefore, the best number of partition is = 100.
We now consider the subtraction of the mixed fuzzy numbers ( , , , ) and The approximated membership function of is y = .
where
To illustrate the subtraction of mixed fuzzy numbers, the same example with 
Fuzzy Sample Mean
An application of the addition and subtraction operations of the same and mixed fuzzy numbers to the fuzzy sample mean is proposed in this section. Let We now consider the mixed fuzzy numbers. Let X ( , , , ) , Worthy of future research is extending the normal approximations to fuzzy multiplication. In particular, the problem of normal approximations for multiple judges, multiple criteria decision making problem is a subject of considerable ongoing research. 
